Introduction
As cylindrical specimens are easily machined, components with a round cross section are commonly used in engineering structures. Bars, shafts, wires, reinforcements, bolts, screws or pins are examples of cylindrically-shaped structural elements. In many applications the loading conditions are quite complex. Under cyclic or repeated loads, fatigue cracks can occur in such components. Experimental works [1] [2] [3] [4] [5] showed that surface cracks created by fatigue have approximately circular fronts. In order to predict the growth of such a crack and the strength of the cracked component, an accurate stress analysis is required. Under linear elastic conditions, this leads us to precisely calculate the stress intensity factors which govern the mechanical state in the structure. In the general case of a combined load, a mixed mode I + II + III situation exists along the crack front. As in any arbitrary three-dimensional configuration, the variation of stress intensity factors Kt. K 11 , Km on the crack front must be taken into account.
Several works have been devoted to the problem of a surface crack in a round bar. Table 1 summarizes the main features of some studies relating to this problem. In Table 1 , K 1 A denotes the stress intensity factor at the deepest point of the crack, K 18 the stress intensity factor at the surface terminal point (intersection between the lateral surface and the crack front), K. 1 the average stress intensity factor calculated on the crack front. Additionally, straight-fronted cracks are considered as particular cases of circular or semi-elliptical cracks. The bibliography, although representative, makes no claim to completeness -rather, it is a selection of the many references found in this field.
In this paper, use is made of a boundary integral equation specifically developed for fracture problems [22] to determine the stress intensity factors K 1 , K 11 , K 111 for circular-fronted cracks in a round bar subjected to tension, bending and torsion. Polynomial expressions are provided allowing the calculation of these stress intensity factors at every point on the crack front for a wide range of crack geometries. Crack shapes satisfying the iso-K 1 criterion are computed, and the problem of crack growth behaviour under tensile or bending fatigue loads is discussed. The results are compared with other experimental and numerical results available in the literature (1981) [2] frontal crack bending Bush (1981) [9] Straight-fronted crack Tension Compliance K., [14] • two semi-analytical limit solutions Si (1990) [21] Circular fronted and semi- for mode I crack problems. Comparisons are also made with analytical results for some limit configurations.
Formulation

Geometry
Figure 1 represents a round bar of radius R and height h ~ R containing in its median cross section a surface crack. The crack front is part of a circle of radius R'. When R' equals the crack depth a, the crack is a so-called semi-circular crack. On the other hand, when R' tends to infinity, the crack is referred to as 'straight-fronted'. Any intermediate crack geometry between the two above limiting cases can be defined by the crack shape parameter 11. (Fig. 2) . The computation is carried out on 4 crack shapes: 11. = 0 (semi-circular), !, 1 and 1 (straight-fronted). The two intermediate cracks have been determined in such a way that they divide arc B 0 N 1 into three equal sub-arcs. Six relative crack depths are considered: a/ R = 0.04, 0.12, 0.24, 0.40, 0.60, 0.85. Since there are 4 crack shapes for each crack depth, 24 crack geometries are analyzed (Fig. 3) . 
Loads
The bar is successively subjected at its ends to three loads (Fig. 4 ):
• a uniform tensile stress a.
• a linear tensile stress with outer fiber maximal value am .
• a linearly distributed shear with outer fiber maximal value rm, resulting from torques twisting the bar.
As far as stress intensity factor solutions are concerned, these loads are respectively equivalent to a uniform pressure, a linear pressure and an axisymmetricallinear shear applied on the crack faces.
Equations of the problem
The bar is assumed to be made up of a homogeneous, isotropic, linear elastic material characterized by Young's modulus E and Poisson's ratio v. For solving the problem use ts made of the integral equation given in [22] . Let us introduce the following notations:
field point with co-ordinates (x 1 , x 2 , x 3 ) in a rectilinear rectangular system of axes Oe1 e2 e 3 ( Fig. 1 ) • t(x 0 , nx 0 ): the stress vector at x 0 , related to normal Dxo· • s . cr· the surface of the crack, which is represented by a Cartesian parametrization the cylindrical lateral surface of the bar, which admits the parameterization
In fact, the lateral surface S 1 at also includes the upper and lower flat bases of the bar, and another surface must be added at the junction of the bases and the cylindrical surface (Fig. 6 ) in order to avoid any discontinuity of the normal vector on S 1 at· The outer surface of the bar is then sufficiently smooth as required by the theory.
• <pcr:Scr3X-(/Jcr(X)EIR\ <plat:S 1 a 1 3X~<p 1 at(x)EIR 3 : the unknown densities defined respectively on Scr and S 1 a 1 , which are shown to be equal to the displacement jumps through the surfaces Scr and S 1 a 1 respectively [23] , [24] .
• <l>cr = (/Jcr o Fen <l>lat = <plat o Flat (compounds of functions F and ({J).
The set of equations of the problem can then be written in the following form, which expresses the stress vector at any point x 0 and related to normal nxo, in terms of the densities <per and (J)Jat: where Ker cr and Ker 1 a 1 are the kernels defined by In relation (2) Partial derivatives of any function f with respect to variables ui is denoted f .i· Implicit summation is made over any repeated index.
The stress vector at the point x 0 is written in (1) as the sum of the surface intergals over the crack and the lateral surface of the bar. Eventually one has to solve the coupled set of equations (1) with unknowns q>cr and ({>tat·
Numerical results
For all numerical purposes, the Poisson's ratio vis taken as equal to 0.3. Both the crack and the lateral surface are discretized into finite elements and Eqns. (1) are solved by the collection method. Figure 6 shows a typical mesh modelling the cracked bar. Eight-node or six-node isoparametric 20 elements are used throughout the structure. Quarter-point elements [25] are specifically used along the crack front. Depending on the surface to which the element belongs, the geometry transformation and the interpolation of the density are performed with different variables [26] :
-for elements belonging to the crack surface, the mapped variables through geometric transformation are Cartesian co-ordinates (x 1 , x 2 )E ~cr and the interpolated functions are Cartesian components of ((>cr. q>~> q> 2 and q> 3 -for elements belonging to the lateral surface of the bar, the mapped variables are cylindrical coordinates (8, x 3 ) E ~Jat and the interpolated functions are here again Cartesian components of q> 131 for simplicity. Cylindrical variables (8, x 3 ) allow us to shape the finite elements into curved elements fitting the cylindrical surface. However, this cannot be seen in Fig. 6 since the sides of the elements are represented by segments.
The mesh covers the crack surface together with the lateral free surface. Of course, if the different loads were treated separately, then symmetries or skew-symmetries could be exploited in order to reduce the problem to the study of one quarter or one half of the bar, provided adequate boundary conditions are added. This approach is not chosen here for two reasons: first, the whole structure is preserved so that several loads can be applied simultaneously, thus requiring only one solution of the algebraic system. Secondly, the matrix of the system being fully populated and moreover non-symmetrical (as is the case with any boundary integral equation method), obtaining symmetrical or skew-symmetrical final results ensures the accuracy of input data.
Eventually, the solution of the discretized equation of (1) provides the densities cpcr and cp 1 a 1 , which in turn yield the complete elastic solution for the problem of the cracked bar, in particular the stress intensity factors can be evaluated along the crack front. Figure 7 shows the deformation of the lateral surface under a tensile load and of the crack under torsion. The latter is strongly emphasized in order to make it visible, explaining why some points on the crack seem to overlap the crack surface. The normalized stress intensity factors at any point located on the crack front are determined as follows, using the notations of Fig. 8 :
(a) Case of a uniform pressure on the crack (tensile load): 1 E
(c) case of a linear shear on the crack (torsion):
where <fJv, <p 0 <p 3 are components of <fJcr in the local basis (ev, e" e 3 ) generally varying along the crack front (Fig. 8 ).
It should be mentioned that relations (3) are taken just as definitions for series intensity factors without any assumption on the elastic state at the point of interest. Neither plane stress nor plane strain states, which are certainly predominant at the neighbourhood of the free surface or the deepest point of the crack, are assumed. The transition from one state to another will not be discussed in this paper.
As shown by (2), solving (1) gives directly E/(16n(l -v 2 ))<fJcr-the term bracketed together in (3) -explaining why it is unnecessary to specify the value of Young's modulus E when computing stress intensity factors. Figure 9 shows the stress intensity factors obtained for the geometry corresponding to aj R = 0.4 and a = l, versus the relative abcissa sfsm (Folio wing the notations in Fig. 1 , s is the curvilinear abcissa of a point on the crack front, sm is arc length AB,
Thus, for each geometry, 4 discrete curves are obtained corresponding respectively to K 1 in tension, K, in bending, K 11 and K 111 in twisting. As predicted, the K 1 value in the bending case is always smaller than that in tensile loading at homologous points on the crack front. As for K 111 values, they are found to be negative for all geometries. The negative sign of K 111 is merely due to the fact that <p 3 equals the normal displacement at the upper crack face minus that at the lower face, and to the choice of the local basis orientation as shown in Fig. 8 . Now using the least square method, the set of discrete values of stress intensity factors obtained for the 24 computed geometries are fitted in the following polynomial form:
in the bending case:
r m rra
where the Ciik coefficients are given in Table 2 . All mean quadratic errors resulting from the fitting expressions (4) are about 1 percent, which is quite acceptable when compared to the accuracy of the finite element method. Expressions (4) should be used with crack depths of less than one-half diameter (0 ~ aj R ~ 0.9) and with lf.E [0, 1]. Figure 10 depicts 
Stress intensity factors versus crack depth
Here, consideration will be limited to the deepest point where the stress intensity factors are given from (4) by putting s/sm = 0
where K stands forK,, K 11 or K 111 and CJ also stands for CJm or Tm · Figure 11 shows normalized K" K 111 at the deepest point of the crack resulting from the basic loads -tension, bending and torsion-versus the relative crack depth a/ R. Factor K 11 is not plotted since it is identically zero at s = 0. For each load there are four K, or K 111 curves which relate individually to one crack shape, ::x = 0, · !, 1 or 1. It can be seen that the stress intensity factors vary continuously with the crack shape but they are not necessarily monotone functions of the crack depth. For instance in 
t -the stress intensity factors remain almost unchanged. In this respect, one can readily establish the limit value for radius R' when aj R tends to zero, the radius R of the bar and crack shape IJ' . being kept constant
Relation (6) gives both trivial results -for a = 1, R' tends to infinity and for r:t. = 0, R' tends to zero-and rather non-obvious results: for r:t. = iR' tends to R/ 8 = 0.125R and for 'Y. = fR' tends to 4R/ 5 = 0.8R, as shown in Fig. 12 . is approximately -1, a crack shape can be observed such that K 1 remains virtually constant along the crack front. This means that if the iso-K 1 criterion is chosen to predict the propagation of cracks created under mode I fatigue, the actual shape is that corresponding to 'Y. = -t.
Stress intensity factors along the crack front -Application to the crack growth behaviour problem
Likewise, Fig. 13b shows that under a bending load the iso-K 1 propagation criterion in this instance leads to the shape corresponding to ' Y. = j.
More precisely, for a given crack depth, the crack shape satisfying the iso-K 1 criterion can be computed in the following manner. Bearing in mind that R, a and a are constant, deriving a=l. I. expression for K 1 given in (4) 
In order to outline the crack propagation during mode I fatigue, (8) is approximately solved and the results obtained are within 5 percent accuracy. Table 3 lists the solution crack shapes rx for the relative crack depths aj R considered in this paper. Figure 14 compares the crack shapes predicted by the iso-K, criterion with those of the cracks intersecting the free lateral surface at 90° angles. The latter cracks will be referred to, for brevity, as 90c (intersecting) angle cracks. For such cracks, 1/J = 90(; (Fig. I) and one can readily prove that the crack radius R' is related to the radius R of the bar and the crack depth a by the relation
2(R -a)
It can be observed that the difference between iso-K, cracks and 90: angle ones is fairly small in the case of tension (Fig. 14a) whereas this difference becomes nota ble for medium-sized cracks under bending (Fig. 14b) . This would mean that in tensile load fatigue tests, cracks verifying the iso-K, criterion are almost 90" angle cracks, while in bending fatigue tests this is true only for cracks with very small or very la rge depths. It should be remembered that this assessment has been made with v equal to 0.3, and that the study of the influence of Poisson's ratio on the shape of cracks created by fatigue, which would not be negligible. is beyond the scope of this work . Figures 15, 16 show the change in shape as the crack depth increases during the propagation. At the crack initiation, the crack is almost semi-circular. The further it grows up, i.e. the more the crack depth increases, the more it resembles a straight-fronted crack. Also represented in Figs. 15,  16 are the following stress intensity factors for a 90° angle crack: K 1 at the deepest point 1 (in this case it is the minimum K, on the crack front) and the average K 1 denoted by K 1 (10) It is clearly shown in Fig. 15 that for 90° angle cracks under tension, K 1 A is approximately K, (the curves e and fare quite the same) and again one can recognize that 90° angle cracks verify the iso-K 1 criterion. On the other hand, Fig. 16 shows that in the bending case, 90° angle cracks verify the iso-K 1 criterion only for ajR ~ 0 and ajR ~ 0.9. Figures 13c and 13d show the stress intensity factors K 11 and K 111 arising from a twisting moment applied at the ends of the bar. As already mentioned, K 11 varies almost as a linear function of the curvilinear abcissa s. On the other hand, for all crack shapes the absolute value of K m is maximal at the deepest point. In any case, the aspect of K 11 and K 111 curves are little influenced by the crack shape, contrary to what happens to K 1 • Regarding the crack propagation behaviour with the presence of anti-plane shear, experimental investigations in pure mode III by [27] clearly show that the crack no longer grows by extending in its own plane but by generating multiple penny-shaped cracks which straddle the original crack front. The study of the crack deviation in a bar under torsion must be even more difficult at the points on the front, where Kn and K 111 take comparable values. Similarly, under combined tensile and anti-plane shear loading (mode I + III), the crack grows by developing multiple lancelike fracture facets surrounding the crack front, as shown in [28] . These observations should be taken into account when the crack instability is studied under general loading conditions. Lastly, it is noteworthy that the provided stress intensity factors values are valid only over about 80 percent of the crack front length. The K values for sfsm approaching + 1 are affected by phenomena extraneous to the present work, such as the vicinity of the surface terminal points B or B' (Fig. 1 ) that modifies the crack tip singularity. Also, the poor refinement of the finite element mesh around these zones must lower the accuracy of the numerical results. In any event, the results obtained in [29] prove that the crack tip singularity at the surface point depends on the Poisson ratio v and the terminal point incident angle 1/J (see Fig. 1 ) between the crack front and the surface line BB'. For a given value of v, there exists a limiting value of 1/J for which the stress intensity factor K 1 tends to a non zero finite value. If 1/J is less than this limit value, K 1 falls off to zero and if 1/J is greater, K 1 becomes infinite. In both cases K, classically defined loses its physical meaning.
Comparison with theoretical results
No theoretical results are available for surface cracks in round bars. However, stress intensity factors at the deepest point (point A in F ig. 1) of very shallow straight-fronted cracks can be effectively compared with analytical solutions for the single-edge crack in the half-space. This is due to the likeness between the latter geometry and the crack configuration viewed from point A when aj R tends to zero.
Bar under tension
The theoretical value for an edge crack of length a under a uniform pressure (J is given by Koiter [30] K 1 = 1.1215(J~.
On the other hand, making a/ R tend to zero in (5) This value agrees well with the theoretical value (11) within an error of +0.4 percent. As regards the limit value of K 1 A for semi-circular cracks when aj R tends to zero, one expects it to be greater than the theoretical value 2/n = 0.6366 for the penny-shaped crack embedded in the infinite body, as is easily explained by the presence of the free lateral surface of the bar which must allow a wider crack opening, thus a greater K 1 A· Indeed, here the limit value for semi-circular cracks is found to be 0.668, which is about 5 percent higher than the foregoing analytical value 2/n.
Hence the slopes at aj R = 0 of the normalized K 1 A curves are (16) respectively for semi-circular and straight-fronted cracks. These are quite small values that compare well with the zero slope drawn from relation (11), lim a(Kd(J fo)/a (a/R) = 0.
Bar under bending
From Table 2 one obtains the limit value of normalized K 1 at deepest point A of straight-fronted cracks in the case of bending load ( 17) This agrees well with Koiter's theoretical value [30] which is also valid in the bending case, within an error of + l percent. Note that the slopes at a/R = 0 for semi-circular and straight-fronted cracks can also be computed in a similar way as in tensile loading
although no easy comparison with theoretical values is possible to our knowledge.
Bar under torsion
Lastly, consider an edge crack of length a in the semi-infinite space, subjected to a uniform shear r parallel to the crack front. The a nalytical result for the problem is given in [31] r;--:
Applying the same reasoning to (5) as in proving (13) This value is 13 percent higher tha n the theoretical value -I. The difference can be accounted for by the fact that the shear is in-plane stress. In Fig. 17 , the hatched area represents the a b
Fiq. I 7. Difference between the problem of a crack in a round bar and that of a n edge crack in the semi-infinite body.
difference between the problem of a shallow crack in a round bar and that of an edge crack in the semi-infinite medium. In mode I problems, the applied stresses are normal to this area and their effect can be neglected around the deepest point A of interest. On the contrary, in mode III problems the stresses are parallel to the crack front, hence they may have some influence on K 111 at point A though applied on an area geographically remote.
Comparison with experimental results
Available results in the literature are mainly concerned with mode I and points A, B on the crack fr~ .. ~ (Fig. 1) . Sometimes, K 1 is even assumed to be constant on the crack front so that only the average value is considered. Therefore, the somparison with either experimental or numericai results can be made only in the tension and bending cases. Also, as discussed above, stress intensity factor values at the surface terminal point B will be discarded and only the values at the deepest point A-or the average values whenever they are given -are compared. We shall denote the diameter of the bar by D, D = 2R. Figure 18 compares K, value of the present work with other authors' experimental values which are summarized below.
Bar under tension
•
Straight-fronted cracks
By the compliance method Daoud et al. [7] give the average normalized K, for straight-fronted crack (22) Table 4 gives the normalized K 1 at the deepest point A by photoelasticity determined by Astiz et al. [8] . In fact, the value 1.85 corresponding to aj D = 0.45 in this table will not be retained here as it is unreliable according to [8] . Bush [9] gives the compliance expression c in terms of the relative crack depth a/D c = 0.0598723 + 0.2680344(;r· + 0.2508381 (;r + 39.43071 (;f. (23) which provides the average normalized K, via the following relation as assumed throughout this paper. However, the results are expected to be close enough to be comparable.
• Cracks intersecting the lateral surface at right angles (t/1 = 90°, Fig. I} A special fatigue marking technique to outline the crack propagating allowed Wilhem et a l. [ 4] to express the normalized K, for right angle cracks, constant along the crack front, as 
Experiments conducted on fatigue cracks led Forman et al. [5] , [32] Figure 18 shows a good agreement between different results for small crack depths. Regarding large crack depths, other workers' results relating to 90° angle cracks are rather closer to present K 1 for semi-circular cracks. As for straight-fronted cracks, the discrepancy becomes notable for large crack depths too.
Bar under bending
• Straightjronted cracks By means of compliance measurements Bush [6] provides the following equation for calculating the average stress intensity factor in the case of bending load (27) where the compliance c is determined by either expression 
2D
with the same accuracy reported above for the bar under tension.
• The comparison with all the available results for the bar under bending are shown in Fig. 19 . For 90c angle cracks, a good agreement is observed at small crack depths only. As the crack depth increases, the experimental curve is rather closer to ours computed for semi-circular cracks. This remark agrees with Caspers et al.'s [19] following which 'the theory of perpendicular angles between crack front and shaft circumference seems to be approximately correct for pure bending up to an aj R-ratio of 1.0, but does not seem to be so applicable for tension, especially for increasing a/ R-ratios'. Concerning the straight-fronted cracks, the computed curve is within the range of Bush's experimental ones. Lastly, it should be mentioned that straight-fronted cracks do not exist naturally and they are actually very difficult to obtain in experimental works. In most cases, a sharp notch was machined to simulate the crack [6] [7] [8] [9] . As the machined notch must be wider for a larger notch depth, it is unlikely to be comparable with a real crack. This should explain why the results agree less for large crack depths.
Comparison with numerical results
Here again, the comparisons are made in tension and bending cases. Moreover, only the K 1 at the deepest point or its mean value is reported. Figure 20 shows all the numerical results for the case of a tensile load. Astiz [ 18] considered semi-elliptic cracks with axes a, h. The normalized K 1 factor at the deepest point A is given as a 
Bar under tension
The configurations which are comparable with those considered in this paper correspond to aj b = 1 (semi-circular cracks) and ajb = 0 (straight-fronted cracks).
Investigating part-circular cracks, Caspers et al. [ 19] also gives normalized K 1 at the deepest point in the polynomial form
where az =a-R(l -cos 8), (J is the angle at the centre sustended by the arc BB' (Fig. 1) . Raju et al. [16] considered nearly semi-elliptical cracks such that the crack front intersected the lateral surface of the bar at 90° angles. It should be noticed that the so-called crack length in
Tah/e 5. Normalized stress intensity factor at the deepest point [16] this reference is defined as the arc length measured along the cylindrical surface and not as the major axis of the (nearly) elliptic crack. Thus the results of this reference for ajc = l must be compared to others keeping in mind the difference between the analyzed geometries. The normalized stress intensity factor at point A for ajc = I are listed in Table 5 .
• Straight-fronted cracks Daoud et al. [7] computed K 1 assumed to be constant along the crack front Figure 21 shows all the numerical results for the case of a bending load. The normalized K 1 at point A for ajc = I from Raju et al.'s work [16] is given in Table 5 .
Bar under bending
Considering a lateral bending load, Caspers et al. [19] express K 1 at the deepest point in the same polynomial form as for tension load (34) 1. 5 ...-... It should be mentioned that in [19] the linearly distributed stress is zero at the deepest point level (x 1 = -R +a, Fig. 1 ) and not at the diameter level (x 1 = 0). An adequate combination of (32) and (34) must be carried out to obtain the results for the bending case.
• Straight-fronted cracks 
• Figures 20 and 21 show a good agreement between different numerical results concerning semi-circular cracks, both in tension and bending cases. As regards straight-fronted cracks, the results agree well only for small crack depths. It should be mentioned that KrA values for straight-fronted cracks given in [19] are rather low and thus are closer to K 1 •
• Limiting configuration of very small semi-circular cracks
Let us now consider the limiting case when the radius of the semi-circular crack R' = a tends to zero. The limit value of K 1 at the deepest point A is found to be 0.668 and 0.670, respectively, for the tensile and bending load. On the other hand, since this value must be the same as for a semi-circular crack in the half-space, it can be compared to the limit values obtained by earlier investigators treating the half-space problem. Table 6 shows that the differences are really small, except for Nisitani et al.'s value which amounts to 5 percent above the present result.
Conclusion
The obtained results have brought additional information to the problem of the elastic cracked bar, especially in mode I. A methodical use of integral equations has proved efficient in that it allows the following possibilities:
-the computation of stress intensity factors at any point of the crack front (except for the surface terminating points), -the simultaneous study of modes I, II and III, -the polynomial fitting of numerical values providing the stress intensity factors as functions of three geometrical parameters: the crack depth a, the crack radius R' and the abscissa s measured on the crack front, -the results applicable to three basic loads: tension, bending and torsion.
Limiting values of stress intensity factors when the crack depth tends to zero have been found to be in full agreement with the theoretical values for the half-space problem. Furthermore, the numerical values have been compared with both experimental and numerical results available in the literature, which are mainly concerned with the opening mode. A good agreement between the different results has been observed for small crack depths. Nevertheless, for large crack depths for factor K, increases more rapidly than others. The discrepancy is the more important for straight-fronted cracks.
Since no comparison is possible in modes II and III, it is assumed that the computation which is validated in mode I, also gives acceptable results for other modes. In fact, tests conducted on problems having known analytical solutions have shown that the numerical accuracy is higher in mode I problems than in others.
The polynomial fitting of the results has allowed a rapid and accurate calculation of the stress intensity factors as a function of the crack configuration and the applied loads. Also, the knowledge of these factors all along the crack front has made it possible to investigate either elastic fracture criteria or the fatigue crack growth behaviour. As an application of the results, the crack shapes verifying the iso-K 1 criterion have been computed in mode I fatigue problems.
Of course, the obtained results are not influenced by the Young modulus value but they do depend on Poisson's ratio v as shown by the governing equations (I) and (2) . The computation has been carried out with v equal to 0.3.
The effect of Poisson's ratio upon the crack shape can be investigated as an extension of the present work. Besides, the proposed integral equation formulation can be applied without major modifications to the problem of thick-walled cylinders containing through-or part-through cracks.
